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ABSTRACT 

It is known that  given any convex body K C R n there is a sequence 

of suitable iterated Steiner symmetrizat ions of K that  converges, in the 

Hausdorff metric, to a ball of the same volume. Hadwiger and, more 

recently, Bourgain, Lindenstrauss and Milman have given estimates from 

above of the number  N of symmetrizat ions necessary to t r ans fo rm/x  ~ into 

a body whose distance from the equivalent ball is less than  an arbi trary 

positive constant. 

In this paper  we will exhibit some examples of convex bodies which 

are "hard to make spherical". For instance, for any choice of positive 

integers n :> 2 and m, we construct  an n-dimensional convex body with 

the property that  any sequence of m symmetrizat ions does not decrease 

its distance from the ball. A consequence of these constructions are some 

lower bounds on the number  N.  
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1. I n t r o d u c t i o n  

Let K be an n-dimensional convex body. It is known (see, e.g., [H1]) that there 

is a sequence of suitable iterated Steiner symmetrizations of h" that converges, 

in the Hausdorff metric, to a ball of the same volume. 

In this paper we will study quantitative information on this convergence. 

Let ~1 denote the class of n-dimensional convex bodies whose volume equals 

~n, the volume of the unit ball Bn. For any e > 0 we denote by N(n,e) the 

minimum number of successive Steiner symmetrizations needed to transform any 

body in tel into one whose Hausdorff distance from B,~ is less than or equal to e 

(see the next section for definitions). 

Hadwiger [H2] obtained an upper bound for N(n, e): in the subclass of K1 of 

the bodies contained in a ball of radius R, 

(1.1) N(n, e) < ( 4 R v ~  + 2e)~e -2~. 

In the proof Hadwiger uses some estimates of the number of balls needed to 

cover a given cube; substituting them with better estimates now available in 

the literature (see, for example, [FTK]) one can improve the previous bound to 

N(n,e) < (4R)n(n logn + n log logn  + 4n)s -2~. 

More recently, Bourgain, Lindenstrauss and Milman [BLM] have shown that 

there exist universal constants a and c such that 

(1.2) N(n, a) <_ cn log n. 

Regarding N(n, e) for e small they prove that 

(1.3) S~,,,~... Svl (I()  C (1 q- e)Bn,  

with m < cnlogn + f(e)n, for some function f of e (Svi denote suitable Steiner 

symmetrizations), where n is larger than a given function of e that grows un- 

boundedly as v --+ 0. The asymptotic behaviour of f (e)  as e ~ 0 is f (e)  

e ]l°g~l/~2. Their paper does not contain results regarding the other inclusion, 

that of (1 - c)Bn in Sv m .. .  Svl (K). 

Finally, we mention that  Tsolomitis [T] has studied similar problems for some 

generalizations of the Steiner symmetrization. 

In this paper we seek lower bounds on the function N(n, e). These bounds will 

be consequences of the existence of some convex bodies which are "hard to make 

spherical". 
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THEOREM 1: Let n > 2. Given any positive integer m, there exists a non- 

spherical origin-symmetric convex body H in R n such that for any choice of  m 

directions Vl, v2 . . . .  , Vm the body S ~  . . .  S~,~ (H) has the same inner and outer 

radius as H. 

We recall that the inner radius r and outer radius R of a convex body H are 

respectively the largest radius of a ball contained in H and the smallest radius of 

a ball containing H. When the body is origin symmetric these balls are centered 

at the origin and the Hausdorff distance from H to Bn is max{1 - r, R - 1}. 

An immediate consequence of Theorem 1 is that it is not possible to reduce 

the Hausdorff distance of H from the ball of the same volume using at most m 

symmetrizations. 

COROLLARY 2: Let n >_ 2. Given any positive integer m there exists a non- 

spherical origin-symmetric body H in R n of  volume nn such that for any choice 

of m directions vl,  v2 , . . . ,  vm the body Sv~ . . .  Sv~ (H) has the same Hausdorff 

distance from Bn as H. 

Estimates of the distance from Bn of these, or similar, bodies give estimates 

of N(n ,  c) from below. 

THEOREM 3: Let N(n,c )  be the function defined in (2.1) and let n >_ 2. Then 

log(log(1/ )) 
(1.4) N(n ,  c) >_ (1 + o(1)) as c --+ O. 

log 2 

When • is large compared to m, bodies like those in Corollary 2 can be easily 

constructed. Let n _> m + 2 and let Bn-1 be the intersection of the unit ball 

B,~ with a hyperplane through the origin. Let R > 2 be arbitrary and let H be 

the convex hull of RBn_I  and rBn, with 0 < r < R such that col(H) = t%. 

The Hausdorff distance of H from B ,  is not reduced by any m symmetrizations 

(since symmetrizations with respect to directions vl . . . .  , vm leave the points in 

R B n - I N ' v ~ N " ' A v ~  unchanged, where v ± = {x E R ~ : (x,v) = 0}). This 

distance is R - 1 and so it can be made arbitrarily large. Therefore 

(1.5) N ( n , c )  >_ n - 1  W > O. 

Finally, we would like to mention a technical result which might be of interest 

in itself. Proposition 4, in a particular case, implies the following statement. 

Given v E S n-1 we denote by Try the reflection with respect to v ±. 
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PROPOSITION 4 (in the case of two directions): Let n >__ 2. There exist subsets A 

o r s  n-  5, with arbitrarily small measure, such that for any choice of the directions 

Vt, V2 E S n- l ,  

(A n (A)) n n (A)) # 0. 

This result is related to various problems, for instance to additive properties 

of sequences of integers studied by P. ErdSs (see [HR], Ch. 3). 

2. Prel iminaries 

Given a direction v E S "-1  = {x c R n : I x] = 1}, S t e i n e r  s y m m e t r i z a t i o n  

a long  v is the mapping that  associates to each convex body K C R n the unique 

convex body Sv(K)  with the following properties: given any line l parallel to v, 

K A l and Sv(K)  A l are either both empty or are segments of the same length, 

and Sv(K)  fq I is symmetric with respect to v ±. 

Let dH(., .) denote the Hausdorff distance. We define 

(2.1) N(n,  ~) = 

sup inf{m E N:  3 v l , . . . , V m  E S n-1 with dH(B,~ ,Svm. . .Sv l (K))  < ~}. 
KE~I 

We now describe the ideas behind the construction of the body H in Theorem 

1 in the simple case of an origin-symmetric convex body K such that  any single 

symmetrization does not decrease its outer radius. 

For any z E R ~ and for any direction v E S n - l ,  let zr,(z) = z - 2(z,v)v.  If R 

denotes the outer radius of K,  

(2.2) z E Sv(K) FI R S  n-1 if and only if z, 7r.(z) E K MRS n-1. 

No symmetrizat ion decreases the outer radius of the compact set K if and 

only if S , ( K )  A R S  n-1 • ~ for ally direction v. Thus the required property can 

be rephrased in terms which involve only the intersection of K with the outer 

sphere. Let A be an origin-symmetric subset of S ~-  1 such that  

(2.3) for any direction v there exists z E A such that  Try(Z) E A. 

Then no symmetrizat ion decreases the outer radius of its convex hull. To con- 

struct a convex body whose outer and inner radius remain unchanged, it suffices 

to construct two closed disjoint subsets A and B of S ~-1 that  satisfy (2.3) and 

to consider the convex hull of r S  n-1  and R B  for some 0 < r < R, with R / r  so 

close to 1 that  the boundary of this convex set contains rA. 
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If its (n - 1)-dimensional Hausdorff measure is large enough, any subset of 

S n-: satisfies (2.3), but we are interested mainly in subsets whose measure is 

small. Figure 1 shows some subsets of S:  that satisfy (2.3). 

The set A is [0, 7r/2] U [Tr, 37r/2]; the set B is obtained by removing the middle 

third of each interval of A, as in a Cantor set construction. Note that  one can 

iterate this procedure and obtain sets of arbitrarily sinall measure that still satisfy 

(2.3), and this property also passes to the limit. The set C in Fig. 1 is defined by 

C = {7r/4, 5/47r} U [7/127r, 11/127r] U [19/127r, 23/12~r]. Note that B and C are 

disjoint. 

A B C 

Figure 1 

Given an ordered set V of m directions v:, v2, . . . ,  Vm in S n-:, for any x C R n 

we call the o rb i t  of x the set Ov (x) defined by 

Ov(x) = {x, 7rvj~ (Tryst_: ( . . .  7rye: (x))), for any m > j l  > J2 > "'" > j~ > 1}. 

If r and R are respectively the inner and outer radius of the origin symmetric 

convex body K,  then 

z c S v  ...S~,:(K) N R S  n-1 i f a n d o n l y i f  Ov(z)  C K M R S ' - :  

and 

Z E O(Svm . . .  Sv, ( K ) )  • r S  n-1 if  and  only if Ov(z)  C OK M r S  n-1.  

To construct the set H of Theorem 1 we will construct subsets A of S '~-1 with 

the property that 

for any choice of the sequence V of m directions O, v2 , . . . ,  vm 
(2.4) 

there exists x E A such that Or(x)  E A. 

We call this property the m-o rb i t  p r o p e r t y .  
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PROPOSITION 4: For any positive integers n >_ 2 and m there exist subsets of 
S n-1 of arbitrarily small ?-In-l-measure which satisfy the m-orbit property. 

Here ~'/n-1 stands for (n - 1)-dimensional Hausdorff measure. 

3. A d i s c r e t i z a t i o n  of  the problem 

In order to construct the sets K (7 r S  n-1 and K N RS  n- l ,  we solve a similar 

problem in the discrete case. We use an argument introduced by ErdSs in the 

study of additive properties of sequences (see [HR], Ch. 3). In the planar case the 

1-orbit property has the following discretized version: given a positive integer M,  

A + A = {0 . . . . .  M -  1} m o d M .  ErdSs studied the problem of finding "small" 

increasing subsequences A of N such that  A + A -- N and gave a probabilistic 

proof of the existence of such subsequences. 

If x, y E S n-1 we denote by d(x, y) their geodes i c  d i s t ance .  As usual, we 

write d(x, A) for infaeA d(x, a). A finite subset T of S n-1 such that  

(3.1) inf d(x, T "-{x}) > 25, sup d(y, T) < 25, for a given 5 > 0, 
xET yESn-1 

is called a (i-net. Let t denote the cardinality of T. Formula (3.1) implies that  

the spherical caps centred in T and with radius 5 are disjoint. Computing the 

volumes one gets 

1 

(3.2) 5<2 j . 

For each v E T we define a map Try' : T -+ T, the map which corresponds 

in this setting to the reflection with respect to v ±, as follows. To every z C T 

we associate a point w of T that  minimizes the distance of Try(z) from T. From 

(3.1), we have d(~rv'(z), 7rt,(z)) < 25. 

The map Try r is not necessarily injective, but the cardinality of 7r'v-l(x) is 

bounded by 3 n for 5 small enough. This follows from the observation that  if 

k points of T have the same image under the map ~rt/, then there are k disjoint 

spherical caps of radius 5 contained in a spherical cap of radius 35. 

Fix m E N. For every sequence W = wL, w2 . . . . .  Wm of m directions in T we 

define the discretized W-orbit  of a point x C T as follows: 

O'w(X) = {x,~r~'(Tr~j~_'( . . .TC~j~'(x))) ,  w i th in> j1_  > j 2  > "'" >Js _> 1}. 

Notice that  IO~w(x)[ < 2 m. 
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LEMMA 5: For every W E T m, there exist a t  least [t/3 m(n+l)] disjoint discretized 

W-orbits .  

Proof: For every x E T, consider the sets 

E(~) = {y e T :  O'w(X) n o~(y) ¢ 0}. 

Let us es t imate  the cardinali ty of E(x) .  An element y belongs to E ( x )  if and 

only if there are indices m _> il > i2 > • "- > iq >_ 1, m >_ Jl > j2 > "'" > j~ >_ 1 

such tha t  

t -1  ,--1 7rt-l{Tr '{7r '{ . .TFWjl t (X)))))) .  y E Trwu (TCw~ 2 ( . . .  Wiq ~ w~s ~ ~J~-i ~" 

Thus  IE(x)] _< 2m(3 n + 1) m < 3 re(n+1), where 3 n comes from the bound on the 

cardinal i ty of 7r~l(x) .  Let q and Xl,  X2 . . . . .  Xq be such tha t  

xi ¢ E(x~) u E(x2) U . . .  U E(x~_l) ,  Vi 

and T = uq=l  E(x i ) .  By definition O~w(Xi) N O~w(Xi) = O for every i ¢ j .  The  

bound t <_ q3 m(~+l) concludes the proof. I 

Now our a im is to const ruct  a small  subset  of T such tha t ,  for every W E T "~, 

it contains a W-orbi t .  We shall use a probabil ist ic  argument .  

Let P l , P 2 , . . .  ,Pt denote the points  o f T ,  fix c~ E (0, 1) and let F be the set of the 

subsets of T. We define a probabi l i ty  measure  7 ) on F by 7 )(A) = off A[ (1 - c~) t-]m] 

for A E F. 

If  we identify the set A with the element (al ,  a2 . . . . .  at) E 12 = {0, 1} t such 

tha t  ai = 1 if Pi E A and ai = 0 otherwise, then (~,  ~,7)) ,  where ~ is the set 

of subsets of ~ ,  is the Bernoulli  probabi l i ty  with pa rame te r  (~. The  probabi l i ty  

tha t  a r andom subset  A of T contains a fixed B E F is 

7 ) ( A E F : A D B ) =  E P ( A ) = c ~  IBI. 
ADB 

LEMMA 6: Let  T be a 5-net and let t = ITi. Let  f be an integer in [1, t]. The 

7)-probability that  a subset A o f t  has IA[ < f and contains a W-orb i t  for every 

W E T TM is greater than or equal to 

(3.3) 
t 

1-- tm(1-- Oe2m)[t/3"~(~+i)] -- i~/ Ii)o~i(] -- 
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Proo~ By Lemma 5, there exist Xl, x2, . . . ,  Xq such that  O'w(Xi ) nO~w(Xj) = 0 
for i ¢ j ,  and q > [t/3m(n+l)]. Hence, for a fixed W, we can write 

P ( { A :  A ~ O'w(x),Vx • T}) < P(n~_I{A : A ~ O~v(Xi)}) 
q q 

= 1 - I P ( { A  : A ~ O~v (xi)}) <__ 1--[(1 - a 2m) _< (1 - a2'~) [t/3m(n+l'], 
i = 1  i = 1  

where we have used the fact that  all the events {A • F : A D O~v(Xi)} are 

independent since the orbits O~(xi)  are disjoint. 

We can now write 

7)( w ~ { A  : A ~ O~w(x)Vx C T} U {A : IA} >- f } )  

_< P ( { A :  A ~ O'w(x),Vx • T } ) +  P({A : IAI _> f})  
t 

+ z  , 
i=f 

4. E x i s t e n c e  r e s u l t s  

Given A C S n-1 and a > 0 we denote by (A)a = {x • S n-1 : d(x, A) < a} the 

open a-neighborhood of A. 

LEMMA 7: Let T be a 5-net, and let A' be a subset o fT  that contains a discretized 
W-orbit for any W • Tm. Then (A')6m5 satisfies the m-orbit property. 

Proo~ Let V = (Vl, v2 , . . . ,  Vm) be any sequence of m directions in S n - l ,  for 

each i let wi E T be such that  d(vi,wi) < 25 and let W = (wl,w2 . . . . .  w,~). 
Then for any y • T we have d(~rv~(y),Tr~v/(y)) < 65. There exists x • A' such 

that  O'w(X ) C A'; it is straightforward to check that  Or(x) C (A')6mS. I 

LEMMA 8: Let A C S '~-1 be such that ~'[n_l(S n-1 \ A) < nn~/2 m. Then A 
satisfies the m-orbit property. 

Proof: Let B = S n-1 \ A and let V = (Vm, vm-1 . . . . .  vl) be V in the opposite 

order. The set O~(B) = UyeB O~(y) is the union of at most 2 '~ sets obtained 

from B through a finite number of reflections and thus of sets which have the 

same measure as B. This implies that  7-l~_l(O~(B)) < n ~  and thus that  

S ~-1 \ O~(B) ~ O. If x E S n-1 \ O~(B) then Ov(x) C S n-1 \ B = A. 1 
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Proof of Proposition 4: Let T C S n-1 be a 5-net and let t = IT[. Let a = t - z ,  

for some 0 < /3 < 1/2 m and f = at. If t is large enough then the probability 

in (3.3) is positive. Therefore, by Lemma 6, there exists a subset A ~ of T which 

contains a W-orbit  for each W C T m. Let A = (AI)6m~; by Lemma 7 it satisfies 

the m-orbit  property. 

We have that  7-Ln-I(A) ~ IA ' [~_l (6m(f)  ~-1 _< t l - ~ _ l ( 6 m S ) n - 1  which, due 

to (3.2), becomes arbitrarily small as 5 -+ 0. | 

Proof of Theorem 1: Let A be a subset of S n-  1 with the m-orbit  property and 

?-ln-l(A) <_ nt~n/2 m+~. Without loss of generality we may assume that  A is 

origin symmetric.  By continuity it is possible to choose a positive number a such 

that  

(4.1) n~_l ( (A)~)  _< ~ I  2~. 

We claim that  if the two positive numbers r, R are such that  r / R  < cos a then, 

defining H as the convex hull of rS  n-1 and of RA,  we have that  H is origin 

symmetric,  that  its inner and outer radius are respectively r and R, that  H N 

R S  n-1 = R A  and OH D rB, where B = S ~-1 "(A)a .  The only assertion that  

needs to be proved is that  OH D rB. Let x ¢ rB  and let 7r be a hyperplane 

supporting rS  n-1 at x. The intersection of this hyperplane with R S  '~-1 is a 

spherical cap with radius arccos(r/R). Therefore, for our choice of r and R, the 

spherical cap cut by 7r on R S  ~-1 does not contain points of RA. This implies 

that  7r supports H.  

As observed in Section 2 the set H satisfies the claim of Theorem 1 if and only 

if both the intersections of OH with the boundary of the outer and inner spheres 

satisfy the m-orbit  property. This is true for the outer sphere by construction, 

while for the inner sphere it follows from Lemma 8 and (4.1). | 

Remark: As is clear from the previous proof, a is a "measure" of the distance 

of H from the equivalent sphere. This constant depends on n and m. In the next 

section we try to maximize this distance for bodies similar to H. 

5. Lower bounds  

If c(n, m) denotes the Hausdorff distance from Bn of the body H ¢ t : l  con- 

structed in the proof of Theorem 1, then N(n,  ¢(n, m)) > m. Thus, estimates of 

¢(n, m) provide a lower bound for N(n,  ¢). However, we can get bet ter  estimates 

if we relax the hypothesis that  both the outer and inner radii remain unchanged. 
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We shall construct convex bodies in K1 so that m arbitrary Steiner symmetriza- 

tions do not reduce their outer radii and furthermore their Hausdorff distance 

from Bn is attained by the outer ball. In order to do this we need the following 

lemma. 

1~.[ [rSn-t~ LEMMA9: SupposerBn c I( C RBn. I f t i . _ l ( O K N r S n - 1 )  >_ ~ n-l~ 

and vol(cBn) = vol(I(), then c <_ (r + R)/2. 

Proof." Let C be the convex body defined as the union of all points in RB,~ 
whose distance from a given half line emanating from the origin is less than or 

equal to r. 

For every s E [r,R), let K(s) = {z E S n-1 : s/~ E int(K)}, where int(K) 
denotes the interior of If ,  and let C(s) be defined analogously. Since rBn C K, 
the convexity of I f  implies that 

I((r) D (t((s))~o~o~(,l,). 

On the other hand, 

c ( , . )  = 

and so we can write 

~n-l((I((s))arccos(r/s)) < ~n- l ( I£(r) )  <_ ~'ln-i(C(r)) = t-ln-l((C(s))arccos(rls)). 

The Brunn-Minkowski inequality on the sphere (see, for instance, [BZ], Theorem 

9.1.1) states that among all sets of given volume on the sphere, the cap has the 

least m-neighborhood for any e. Therefore 7-/n-1 (K(s)) _< 7/n_l (C(8)), for every 

s E [r, R), and then vol(K) <_ vol(C). One can easily evaluate vol(C) and obtain 

that vol(C) < vol( ~ Bn). i 

Let T b e a & n e t  and let t - -  ITI. Let a C (0 ,1) ,5  > 0, t, f C (0, t ] N N a n d  

a > 0 be so that 

(5.1) l - tm(l - c~2~)[t/3m('~+l)l - ~ (:)o~i(1-  t~)t-i > o 

i=-f 

and 

(5.2) fa,~_l(65m + a) <_ n~,~/2, 

where an-1 (P) denotes the (n-1)-dimensional  Hausdorff measure of the spherical 

cap in S n-1 with radius p. 
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As will be clear in the proof of Theorem 3, we are interested in choosing the 

parameters which (asymptotically in m) maximize a under the constraints (5.1) 

and (5.2). 

LEMMA 10: Let n be fixed. For any/;~ > 0 it is possible to choose parameters 

c~, & f and a that satisfy (5.1) and (5.2) and with 

O, > m, - 2 m ( 1 + 2 / 3 ) ,  a s  m , - - +  (X). 

Proof: Choosing 

1(  2m(1 + / 3 ) -  1 )  '~-1 (2,n3~(~+1)) ' + '  
f = c &  a = ~ \ 1 2 m 2 m ( l + / 3  ) and t =  og2m , 

(5.1) is satisfied, for m large enough. 

Using the inequalities an- l (p)  < tc,~-lp '~-1 and (3.2), one can check that, 
choosing a = 7D, - 2 ~ ( 1 + 2 / 3 ) ,  (5 .2 )  is satisfied too. II 

Proof of Theorem 3: Let T b e a & n e t  a n d t  = IT[. Let a E (0,1), 5 > 0, t, 

f E (0, t] n N and a > 0 be parameters that satisfy (5.1) and (5.2). By Lemma 

6 and Lemma 7, there exists a subset A' of T such that (A/)6ma satisfies the 

m-orbit property, with [A'[ < f .  Let Hm be the convex hull of rS n-1 and of 

R(A')6ma, with r > 0 and R > 0 chosen so that r /R  = cos a and moreover 

vol(Hm) = ~n. By construction the outer radius of Hm is not decreased by any 

m symmetrizations. 

We claim that ~tq~n_l(OH m UI rS n- l )  > n~nrn-1/2. By the relation r /R  = 

cos a it follows easily that every point of rS n-1 ". r(A')6ma+a is contained in the 

boundary of Hm. Hence by (5.2) we deduce 

~H.n_I(OH m N r S  n-1  ) 
,Frt__l > n~n - 7-/n-l((A')6ma+a) 

> ~ n  - / a n _ l ( 6 m 5  + a) >_ n ~ / 2 .  

We can now apply Lemma 9 to conclude that the Hausdorff distance from Hm 

to Bn is attained by the outer sphere. Using Lemma 10 this distance can be 

estimated, as m --+ co, by 

R -  r R a ~ 1 
dH(Hm, > ~ - -  - ~ ( 1 - c o s a ) >  ~- > 

_ _ _ 671 t2 ( l+2~)2m " 

Let us denote dH(Hm, B~) by ¢(n, m). By definition of N(n, x), it is certainly 

true that N(n, ¢(n, m)) > m. Expressing m in terms of ¢(n, m) one gets that, as 

N(n, z(n, m)) > l o g ( l o g ( ~ ) ) ( 1  + o(1)). 
log(2) 
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Since N is monotone, this concludes the proof. | 
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